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We propose a new physical interpretation of the Diophantine equation of σxy for the Hofstadter problem. First, we
divide the energy spectrum, or Hofstadter’s butterfly, into smaller self-similar areas called “subcells”, which were first
introduced by Hofstadter to describe the recursive structure. We find that in the energy gaps between subcells, there
are two ways to account for the quantization rule of σxy, that are consistent with the Diophantine equation: Landau
quantization of (i) massless Dirac fermions or (ii) free fermions in Hofstadter’s butterfly.
1. Introduction
The behavior of a two-dimensional electron system under
a magnetic field is a simple but at the same time particularly
significant issue in the field of condensed matter physics. Pre-
vious studies have discovered dozens of important properties
by considering non-interacting systems. The Hofstadter prob-
lem, which deals with a tight-binding model on an isotropic
square lattice under a uniform magnetic field, is one of the
most intriguing problems.1) While analytic solutions for a
proper equation do not exist for a general magnetic field,2)
two extraordinary properties are known for this system: the
integer quantum Hall effect (IQHE) at zero temperature and
the fractal energy band structure, which is usually referred to
as “Hofstadter’s butterfly”.
Since the discovery of the IQHE by von Klitzing et al.,
the quantum Hall effect (QHE) has continued to draw much
interest.3–11) There is no doubt that this strikingly odd phe-
nomenon has contributed to the development of condensed
matter physics both theoretically and experimentally. For in-
stance, the validity of gauge analysis has been recognized
since Laughlin described the IQHE from the perspective of
gauge invariance.7) Thouless et al. (or TKNN) stated that a
non-interacting two-dimensional electron system exhibits the
IQHE when the chemical potential is in the energy gap,8)
which was later found to account for the gauge-invariant na-
ture of σxy.9) Namely, the quantization of the Hall conduc-
tance can be identified as a Chern number, a topological
invariant quantity whose value is determined from the so-
called “Berry connection”.12, 13) Other calculation techniques
are the Streda formula14) and the adoption of lattice gauge
theory,15, 16) both of which have been found to be consistent
so far.
It is implied from the robustness of σxy unless the gaps
open and close17, 18) that the label of each gap is related to the
value of σxy. Surprisingly, this naive expectation is realized
at least in a square lattice. Let the magnetic flux per plaque-
tte φ be a rational number in units of flux quantum φ0, i.e.,
φ/φ0 = p/q (p and q are coprime). Dana et al.19)proposed
that magnetic translational symmetry yields the simple rela-
tionship pσxy + 2qm = 2r (m, r =integers) when the Fermi
energy lies in the rth gap from the bottom. Note that spin
degeneracy is included in this so-called “Diophantine equa-
tion”. Among the multiple candidates of (σxy,m) that satisfy
this equation, the solution can be uniquely determined by im-
posing the condition |σxy| ≤ q. Until now, no counterexam-
ple for this condition has been found. However, the physi-
cal justification is still under discussion. For instance, TKNN
claimed that the discussion in the anisotropic case can be ex-
tended to the isotropic case, while they admit that there is
no proof of this.8, 20) Chang and Niu considered the Einstein–
Brillouin–Keller quantization, an extended method of Bohr–
Sommerfeld quantization, of wave packets to obtain the Chern
number of each bands.21, 22) While the continued fraction ex-
pansion (CFE) of φ plays an important role in their theory,
this expansion differs from the one used to describe the self-
similarity of Hofstadter’s butterfly. In other words, the rela-
tionship between the fractality and the quantization rule is
unclear.
In this paper, we interpret the peculiar quantization rule
in two different ways. For any rational φ, both interpreta-
tions are valid. One is based on the connection to the Lan-
dau quantization of massless Dirac fermions, which is real-
ized at nearby φ′(, φ) with even q. In this case, owing to the
q-fold degeneracy of the Brilluoin zone, the Hall conductance
is σxy = e
2
h q(N +
1
2 ) (N =integer) near zero energy,
11) where
N denotes the filling factor. The quantization rule for a spe-
cific φ can be given by considering such particles originating
from φ′. On the other hand, we can also connect the quan-
tization rule with the Laudau quantization of free fermions,
which is realized at φ′′ with odd q. This phenomena in turn
yields σxy = e
2
h qN (N =integer), with N being the filling
factor again.
Admitting that two interpretations deal with the energy
gaps between subcells, we emphasize that the consistency
with the Diophantine equation holds. Later, we see in detail
that such q’s relate the Diophantine equation and the fractal-
ity of Hofstadter’s butterfly.
This paper is organized as follows. Section 2 gives brief in-
formation on Hofstadter’s butterfly. In particular, the notion of
the “subcell” is essential in understanding the fractal structure
of the diagram. In Sect. 3, we newly define “family” to give a
clear statement on the relationship between the IQHE and the
fractality in Sect. 4. Finally, the conclusion is given in Sect. 5.
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2. Fractal Structure of the Butterfly
The Hamiltonian of the Hofstadter problem is
H = −t
∑
〈i, j〉,σ
c†i,σc j,σe
iθi j + h.c., (1)
where c†i,σ (ciσ) is a creation (annihilation) operator of an elec-
tron of spin σ on the i site, and t denotes a nearest-neighbor
transfer integral. θi j is Peierls phase and for each plaquette,
Σ
plaquette
θi j = 2piφ holds, where 2piφ is the magnetic flux per
plaquette. Taking e = h = 1, we can rewrite the Hamiltonian
for the rational flux φ = p/q (p and q are coprime) as
H = −t
∑
k∈BZ
c˜†(k)H˜(k)˜c(k), (2)
where H˜(k) is a q×q matrix whose matrix elements are given
by
H˜(k) =

2cos(kx) 1 0 · · · e−iqky
1 2cos(kx + 2piφ) 1 · · · 0
0 1 2cos(kx + 4piφ) · · · 0
...
. . .
eiqky 0 0 · · · 2cos(kx + 2(q − 1)piφ)

, (3)
with
c˜(k) = t
(˜
c0(k), c˜1(k), ..., c˜q−1(k)
)
. (4)
c˜m(k) (0 ≤ m ≤ q − 1) denotes the fermionic annihilation
(a)
(b)
Fig. 1. (Color online) (a) Left half (0 ≤ φ ≤ 1/2) of the butterfly divided
into subcells. The solid and dashed lines indicate the boundary of C subcells
and that of L,R subcells, respectively. (b) Expanded energy spectrum inside
the C1 subcell. The arrows indicate φ = 9/26, whose 26 energy bands are
classified in Sect. 3 into families.
operator in the reciprocal space,
c˜m(k) =
1√
Lx
1√
Ly/q
∑
n,m′
e−ikxn−ikyqm
′
cn,qm′+m, (5)
where the indices n and qm′ + m represent the x− and
y−coordinates of the lattice point, respectively. Equation (2)
is known as Harper’s equation,2) and each band of this Hamil-
tonian is q-fold degenerate along the kx-axis.
Figure 1(a) shows the energy spectrum as a function of φ
for 0 ≤ φ ≤ 1/2, which corresponds to the left half of Hof-
stadter’s butterfly. Red and blue lines denote the boundary of
the subcell, which was introduced by Hofstadter in order to
describe the self-similar structure of the butterfly.1) A subcell
is defined as a part of the graph whose structure is self-similar
to the original one. In the following, we review the proper-
ties of subcells to prepare for the argument in the following
sections. Our argument is restricted to 0 ≤ φ ≤ 1/2 since the
butterfly is symmetric with respect to φ=1/2.
There are three types of subcells: L,R, and C [See Fig.
1(a)]. L and R subcells are the outermost energy bands, which
are surrounded by blue lines. Ln and Rn (n = 0, 1, 2 · · · ) are
defined in the regions of
1
n + 3
< φ ≤ 1
n + 2
. (6)
C subcells are the center bands surrounded by red lines in Fig.
1(a), and Cn (n = 0, 1, 2 · · · ) are in the regions of
n
2n + 1
≤ φ < n + 1
2n + 3
. (7)
Note that the existence of energy gaps between L, C, and R
subcells enables us to divide the diagram uniquely.
As claimed by Hofstadter1) and proved later by MacDon-
ald,23) an appropriate linear stretching of the variable
β =
1
φ
−
[
1
φ
]
(8)
almost deforms Ln and Rn into the original butterfly. Here, the
term “almost” reflects the slight difference; the minibands in
2
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Fig. 2. Energy spectrum at φ = 926 . Twenty-six bands are divided into fam-
ilies.
Ln and Rn are gapped at β = 1/2, 1/4, etc., while the gaps in
the original butterfly close at φ = 1/2, 1/4, etc. However, this
is a minor difference since our argument is restricted to the C
subcells in the following. β is called the “local variable”. For
the case of Cn, a similar local variable,
β =
1
φ−1 − 2 −
[
1
φ−1 − 2
]
, (9)
deforms each subcell into the original butterfly.
Next, to discuss the detailed structure of the butterfly, we
denote the subcells inside Cn as L˜m, R˜m, and C˜m. Then, we de-
note “subcell C˜m inside subcell Cn” as CnCm in the following.
For instance, Fig. 1(b) shows the subcells inside C1. In this
way, we have a simple rule to divide the butterfly spectrum
into smaller areas. In the following, we continue to divide C
subcells only. The repetition of this operation determines the
division of the butterfly spectrum uniquely. In the next sec-
tion, we define “family” based on the above argument.
3. Grouping Rule for “Families”
Next, we introduce the concept of “family” in the butter-
fly. By using families, we can understand the relationship be-
tween the fractality and the quantization rule of σxy.
We define the set of energy bands in a subcell X as a fam-
ily X for a fixed φ. For explanation, we use an example at
φ = 9/26, which has 26 bands. Figure 2 shows the energy
spectrum obtained at φ = 9/26. Since φ = 9/26 is slightly
larger than 1/3, the outermost bands belong to L0 and R0, as
shown in Fig. 1(a) by an arrow, while the other bands are in-
cluded in C1. Therefore, families L0 and R0 contain 9 bands
while family C1 contains 8 bands. The central region of the
energy spectrum (family C1) is expanded in the r.h.s. of Fig.
2. By comparing with Fig. 1(b), we can see that the outermost
bands in C1 correspond to L˜6 or R˜6 inside C1, which are de-
noted as families C1L6 and C1R6, respectively. (In this case,
the family has only a single band.) In the same way, we con-
sider other bands near E = 0. From Fig. 1(b), we can see that
these bands belong to C˜0 inside C1, i.e., C1C0. Therefore, this
C1C0 family has 6 bands. Furthermore, the outer two bands in
C1C0 are identified as L˜4 or R˜4 in C1C0, so that they are ex-
pressed as C1C0L4 and C1C0R4 and the corresponding family
contains a single band. In a similar way, we can identify fam-
ilies C1C0C0L2,C1C0C0C0, and C1C0C0R2. Note that family
C1C0C0C0 has two bands that touch at E = 0.
Next, we use Γm(β) and Λl(β) (m, l = integer), which were
introduced by Hofstadter to describe the fractality of C sub-
cells and L(R) subcells.1) We will show that Γm(β) and Λl(β)
give the number of bands in each family. The definitions for
m, l ≥ 0 are
Γm(β) =
1
2 + (m + β)−1
, 0 ≤ β < 1 (10)
Λl(β) =
1
(l + 2) + β
. (11)
For example, φ = 9/26 can be expressed as various CFEs
as follows:
9
26
=

1
(2+0)+ 89
= Λ0
(
8
9
)
1
2+(1+ 18 )
−1 = Γ1
(
1
8
)
=

1
2+(1+ 1(2+6)+0 )
−1 = Γ1Λ6(0)
1
2+(1+ 1
2+(0+ 16 )
−1 )
−1 = Γ1,0
(
1
6
)
Γ1,0
(
1
6
)
=

Γ1,0Λ4(0)
Γ1,0,0
(
1
4
)
=
Γ1,0,0Λ2(0)Γ1,0,0,0 ( 12 ) . (12)
Here, Γm1,m2···mN (β) and Γm1,m2···mNΛl(β) represent the
continued fractions Γm1 {Γm2 {· · · [ΓmN (β)] · · · }} and
Γm1 {Γm2 {· · · {ΓmN [Λl(β)]} · · · }}, respectively. We empha-
size that the role of the CFE is to subdivide families in detail.
We find that the indices and arguments of Γ and Λ correspond
to the name of the family and the number of bands in the
family, respectively. For instance, φ = Λ0
(
8
9
)
tells us that 9
bands belong to both families L0 and R0. This is because the
transformation in Eq.(8) gives
β =
1
φ
−
[
1
φ
]
=
26
9
− 2 = 8
9
, i.e., φ = (2 + β)−1, (13)
and β represents the effective flux in L0, whose denominator
represents the number of bands in family L0. Similarly, φ =
Γ1
(
1
8
)
implies that the remaining 8 bands belong to familyC1.
This is because the transformation in Eq. (9) gives
β =
1
φ−1 − 2 −
[
1
φ−1 − 2
]
=
9
8
− 1 = 1
8
, (14)
and β represents the effective flux in C1. In a similar way, we
can determine the number of bands belonging to each family.
For example, Γ1Λ6(0) means that this family has only one
band since we interpret β = 0 as p = 0 and q = 1. In other
words, β = 0 means that the effective flux is zero so that there
is a single energy band.
In this way, we can continue the CFE until the effective flux
β becomes 0 or 1/2. If β = 0, the corresponding family has a
single band, while if β=1/2, the corresponding family has two
bands. This CFE should end at some state since the number
of bands is finite for a rational flux φ = p/q.
Equation (12) shows the detailed CFE for C1. Here, let us
mention the CFE for L0 or R0, i.e., Λ0
(
8
9
)
. The local variable
is β = 8/9 > 1/2, at which Eqs. (10) and (11) cannot be used.
Therefore, for m, l ≤ 0, we introduce
3
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Γ−m′−1(β) = 1 − 12 + (m′ + β)−1 , m
′ ≥ 0 (15)
Λ−l′−1(β) = 1 − 1(l′ + 2) + β , l
′ ≥ 0, (16)
which should be used when the effective flux is larger than
1/2. Using these notations, we obtain
Λ0
(
8
9
)
=

Λ0Λ−8(0)
Λ0Γ−1
(
1
7
)
=
Λ0Γ−1Λ5(0)Λ0Γ−1,0 ( 15 )
Λ0Γ−1,0
(
1
5
)
=

Λ0Γ−1,0Λ3(0)
Λ0Γ−1,0,0( 13 ) =
Λ0Γ−1,0,0Λ1(0)Λ0Γ−1,0,0,1(0). (17)
This means that family L0, which contains 9 bands, can be
decomposed into 9 families, each of them having only one
band. For instance, Λ0Λ−8(0) corresponds to families L0L−8
and L0R−8, each of which contains a single band. Like-
wise, Λ0Γ−1Λ5(0), etc., correspond to two families L0C−1L5
and L0C−1R5, etc., and Λ0Γ−1,0,0,1(0) corresponds to family
L0C−1C0C0C1. All of them contain only one band as well.
4. Relationship between Hall Conductance and Energy
Spectrum
4.1 Massless Dirac fermions
In this section, we discuss the relationship between σxy (or
the Chern number) and families. We numerically calculate
the Hall conductance at φ = 9/26, which is shown in Fig. 3.
(Here, we have included the spin degeneracy of 2 in the cal-
culation of σxy.) We find a definite rule between the absolute
value of σxy and the CFE obtained in the previous section.
Let us consider the family just below the energy gap when
the Fermi energy is located in a gap. Assume that the corre-
sponding family has a CFE of Γm1···(β). Then, we put β = 1/2
artificially. We find that the denominator of Γm1···
(
1
2
)
is equal
to the absolute value of σxy. For example, we obtain Γ1
(
1
2
)
= 3/8, Γ1,0
(
1
2
)
= 5/14, and Γ1,0,0
(
1
2
)
= 7/20 from Eq.
Fig. 3. Hall conductance as a function of the Fermi energy for φ = 9/26.
(12) when the Fermi energy is located just above families
C1L6,C1C0L4,C1C0C0L2, respectively. The denominators, 8,
14, and 20 of Γ1
(
1
2
)
, Γ1,0
(
1
2
)
, and Γ1,0,0
(
1
2
)
, correspond to the
absolute values of σxy in the region of 0 < E f /t < 0.5 in Fig.
3.
We give a physical interpretation of this peculiar rule
by discussing the Landau quantization of massless Dirac
fermions. In the following, we refer to the Landau levels (LLs)
of such particles as “Dirac LLs”.16) Let us first consider the
case with σxy = −2, which is realized when E f is located be-
tween the families C1 and L0, i.e., 0.5 < E f /t < 2 in Fig.
3. From the global structure shown in Fig. 1(a), we can see
that this gap continues to φ = 1/2. At φ = 1/2, the eigen-
state is the so-called “pi-flux state”, at which two bands cross
linearly, i.e., form a Dirac cone, at zero energy. As we show
in the Appendix, this model can be effectively described by
four (2+1)-dimensional massless Dirac fermions in the vicin-
ity of E ∼ 0. When a small magnetic flux is imposed (i.e.,
φ = 1/2 + ∆φ), σxy is quantized as
σxy = sgn(∆φ) · 4 · (n + 1/2), (18)
which has an identical expression to the anomalous Hall effect
in the honeycomb lattice.11) Namely, the model is equivalent
to a four (2+1)-dimensional massless Dirac fermion system
under an effective magnetic flux ∆φ. Actually, the energy dis-
persion near φ = 1/2 in Fig. 1(a) shows the typical behavior
En ∝ ±√n for the Dirac LLs.24) Although the n = 0 Dirac LL
broadens as φ decreases from φ = 1/2, it remains detached
from other LLs and forms C1. Since the Chern number is ro-
bust unless the band gaps open and close,18) σxy of LLs is
conserved, which explains why σxy = −2 always holds when
E f is between C1 and L0.
σxy = −8 can be understood in a similar way; the self-
similarity of the diagram and the CFE, 9/26 = Γ1
(
1
8
)
in Eq.
(12), indicate that the effective flux is equal to 1/8 in C1 [see
Fig. 1(b)]. Then, from Fig. 1(b), we can see that family C1C0
corresponds to the n = 0 Dirac LL connected to the state at
φ = 3/8, which can be obtained by setting the local variable
β as 1/2, i.e., Γ1(β = 1/2) = 3/8. Since the denominator is 8,
this means that the effective model is described by 16 mass-
less Dirac fermions. Since C1C0 corresponds to the n = 0
Dirac LL, the Hall conductance is -8 when E f is located in
the gap just above it. Furthermore, we obtain σxy = −14 and
-20 by considering the quantization of σxy by 28 and 40 Dirac
fermions, respectively.
For general cases with φ = Γm1···mN (β(N+1)), we ob-
tain a series of integers {Q1, ...,QN} by calculating 1/2 =
P1/Q1,Γm1
(
1
2
)
= P2/Q2, · · · , and Γm1···mN−1
(
1
2
)
= PN/QN .
Similar to the discussion for φ = 9/26, the gap between the
(l + 1)th and lth families from the top corresponds to the gap
above the n = 0 Dirac LL generated from φ = Pl/Ql. There-
fore, the Hall conductance of the lth family from the topσxy(l)
is given as
σxy(l) = sgn
(
φ − Pl
Ql
)
· 2Ql · 12 ,
where the factor 2Ql is from the number of Dirac fermions,
and 1/2 comes from the (2+1)-dimensional chiral anomaly in
σxy.
4
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4.2 Free fermions
Here, we give another interpretation for the quantization
rule of σxy. In Sect. 4.1, we considered the “pi-flux state” at
β = 1/2. Here, we are interested in the opposite side, i.e.,
zero flux at β = 0. We consider the total Chern numbers of all
the energy bands in a specific family, which can be obtained
by calculating σxy(l) − σxy(l + 1). We show that this quantity
is related to the LLs of nonrelativistic free fermions (or Fermi
LLs in Hatsugai et al.’s notation16)).
Let us use φ = 9/26 again. From Figs. 1 and 3, we can
see that the total Chern number for L0 is equal to 2. Similarly,
we obtain 6 for families C1L6,C1C0L4, and C1C0C0L2. Let us
start with the L0 family [σxy(1) − σxy(2) = 2]. Again, from
the global structure shown in Fig. 1(a), we can see that L0 is
connected to the lowest Fermi LL at φ = 0. Under a uniform
magnetic flux ∆φ, the Hall conductance is quantized as
σxy = sgn(∆φ) · 2 · n. (19)
σxy of each LL is 2 including the spin degeneracy, which ex-
plains why the Chern number of family L0 is equal to 2.
A similar discussion holds for the other families. The self-
similarity of the diagram and the CFE, 9/26 = Γ1
(
1
8
)
, means
that the effective flux is 1/8 in C1 as discussed previously. If
we set the local variable β as β = 0, then Γ1(β = 0) = 1/3
means that families C1L6,C1C0L4, and C1C0C0L2 all corre-
spond to the Fermi LLs of free fermions at φ = 1/3. The
denominator 3 of φ means that the effective model is a three-
nonrelativistic-free-fermion system. Hence, the Chern num-
ber of families C1L6, etc., is 6.
For general cases with φ, we consider a series of in-
tegers {Q′1, ...,Q′N} by computing 0/1 = P′1/Q′1,Γm1 (0) =
P′2/Q
′
2, · · · ,Γm1···mN−1 (0) = P′N/Q′N . The Chern number of the
lth family from the top satisfies
σxy(l) − σxy(l + 1) = sgn
(
φ − P
′
l
Q′l
)
· 2Q′l · 1, (20)
where the factor 2Q′l stands for the number of free fermions
including spin degeneracy, and 1 corresponds to the contribu-
tion of each Fermi LL.
5. Conclusions
We have introduced a new notion, “families”, to classify the
bands at specific φ in the Hofstadter butterfly, which provides
two types of physical interpretation for the quantization rule
of σxy. One is based on the Landau quantization of (2+1)-
dimensional massless Dirac fermions, and the other of non-
relativistic free fermions. In the former approach, we showed
that the Landau quantization of massless Dirac fermions ex-
plains the σxy in family gaps. On the other hand, the Chern
number of each family can be obtained by considering the or-
dinary Landau levels of free fermions in the latter case.
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Appendix
There is a unitary matrix S that anticommutes with the hop-
ping Hamiltonian when the lattice is bipartite,
S †HS = −H. (21)
Note that S transforms an energy eigenstate into an opposite-
signed energy eigenstate. As E = 0 is unchanged by E →
−E, we can choose the energy eigenstates of E = 0, |φi〉 (i =
1, · · · , q0), to be the eigenstates of S . In other words, |φi〉 are
simultaneously eigenstates of H and S . Owing to Eq. (21), we
can calculate the diagonal term of H as
〈φi |H | φi〉 =
(
〈φi| S †
)
H
(
S |φi〉
)
=
〈
φi
∣∣∣ S †HS ∣∣∣ φi〉 = 〈φi | −H | φi〉 = 0. (22)
We will show in the following argument that, by using Eq.
(22), the Hofstadter problem in the square lattice with φ = p/q
with an even q reduces to 2q massless Dirac fermions in the
continuum limit. As Kohmoto has shown,25) there are q Dirac
points, k = K j = (0, 2pi j/q) ( j = 1, · · · , q), at which two
bands, |ψ1(k)〉 and |ψ2(k)〉, cross each other. Since the square
lattice is bipartite, we can choose the eigenstate at K j, |ψi(K j)〉
(H˜(K j) |ψi(K j)〉 = 0) to be the simultaneous eigenstates of q×
q matrices H˜(K j) and S . Then, by substituting H = H˜(k) and
|φi〉 = |ψi(Ki)〉 into Eq. (22), we can immediately conclude
that the expectation values for H˜(k) are zero,〈
ψi(K j)
∣∣∣ H˜(k) ∣∣∣ψi(K j)〉 = 0. (23)
Then, we expand the Hamiltonian around K j up to the lin-
ear order,
H˜(k) ∼ H˜(K j) + δH(δk),
δH(δk) = δkxM + iδkyA, (24)
where k = K j + δk. The kx dependence of the Hamilto-
nian, which is expressed in Eq. (3), can be seen in diagnonal
terms, so M is real-diagonal. On the other hand, the (1, q) and
(q, 1) elements in Eq. (3), i.e., e±iqky , are the only ky-dependent
matrix elements. These terms become real numbers at Dirac
points, which satisfy ky = K j,y = 2pi j/q.25) Hence, A is real
and anti-symmetric.
Next, we consider the effective 2×2 Hamiltonian,
H˜eff(δk), in the restricted Hilbert space spanned by
{|ψ1(K j)〉 , |ψ2(K j)〉}. We simply denote the eigenstates as
|ψ( j)i 〉 in the following. By substituting Eq. (24) into Eq. (23),
we obtain〈
ψ
( j)
i
∣∣∣∣M ∣∣∣∣ψ( j)i 〉 = 〈ψ( j)i ∣∣∣∣ A ∣∣∣∣ψ( j)i 〉 = 0, (25)
which causes the diagonal terms of the effective matrix to be
zero. The off-diagonal terms,
〈
ψ
( j)
1(2)
∣∣∣∣ X ∣∣∣∣ψ( j)2(1)〉 (X = M, A), are
non zero real numbers since we can choose |ψ( j)i 〉 to be q-
dimensional real vectors [H˜(k = K j) is a q × q real matrix].
Therefore, the effective Hamiltonian is expressed as
H˜eff(δk) = δkxσx
〈
ψ
( j)
1
∣∣∣∣M ∣∣∣∣ψ( j)2 〉 + δkyσy 〈ψ( j)1 ∣∣∣∣ A ∣∣∣∣ψ( j)2 〉 , (26)
which reduces to the (2+1)-dimensional Dirac equation for
massless fermions in the continuum limit.
Finally, including the spin degeneracy, there are 2q Dirac
points, so the effective Hamiltonian in the continuum limit
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can be described as
H˜eff =
2q∑
a=1
ψa∂µγµψa (µ = 1, 2), (27)
where γµ denotes the Pauli matrices σx and σy.
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